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Nomenclature
a = speed of sound [ D

p
.° p=½/ for a perfect gas]

B = strength of area disturbance [Eq. (38)]
cv = speci� c heat at constant volume
D = characteristic transverse dimension of duct
H = total energy
I = strength of acoustic pulse [Eq. (13)]
J = strength of entropy pulse [Eq. (20)]
M = Mach number
P = total momentum
p = static pressure
Q = heat added to gas
q = heat � ow into gas per unit duct length
R = perfect gas constant
S = cross-sectionalarea of duct
s = entropy per unit mass
T = absolute temperature
t = time
u = velocity
W = total mass
x = streamwise coordinate
° = ratio of speci� c heats
1 = change imposed during trigger event
¸ = length of pulse or trigger device
½ = density of gas
¿ = duration of pulse or trigger event

Subscripts

B = associated with bump
E = associated with entropy pulse
i; f = initial and � nal values, resp.
mx = maximum value
t = related to trigger process
1; 2 = upstream and downstream ends of control

volume, respectively
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¡ = associated with upstream-moving (left) acoustic pulse
C = associated with downstream-moving (right)

acoustic pulse

Superscripts

N. /; . /0 = undisturbed and disturbance quantity, respectively
(P) = time rate of change

Introduction

S HORT-DURATION disturbances (pulses) can occur in
constant-area duct � ows for a variety of reasons: explosions,

electric sparks, ignition processes, abrupt addition of heat caused
by a malfunctioningelectric circuit or unwanted chemical reaction,
also an accidental deformationor rupture of a duct wall. Pulses can
also occur as byproductsof an intendedprocess, for example, strong
pressurepulsesaccompany the pumpingof pulsed lasers.Pulses can
also serve as elements of diagnostic processes. One example is the
impulse method used in acoustics to determine the impedance of
various duct elements by creating a pulse and measuring its re� ec-
tion from the element.1 This method was used recently in two sep-
arate experiments to measure the acoustic impedance of operating
compressors,2;3 with the ultimate goal of formulatingexit boundary
conditions for high-speed inlet � ow computations. The calculation
method presented in this Note was of critical importance in de-
veloping the devices needed to create the required large-amplitude
pulses.4;5

An approximatemethod is offered for the predictionof the prop-
erties of pulses created by a wide variety of stimuli. The theory is
one-dimensionaland linearized and characterizespulses in integral
terms. The resulting formulasallow calculationswith a back-of-the-
envelope simplicity. The method is useful as an engineering tool,
and it also yields surprising insights into the distribution of energy
among the pulses generated.

Problem De� nition
It is well known that disturbances of compressible � ows can be

split into acoustic, entropy, and vorticity components. If the mean
� ow is nearly parallel, uniform, and if the disturbances are small,
then the various disturbance types are independent of each other.6

This Note focuses on disturbances in a constant-area duct contain-
ing a steady subsonic � ow of an inviscid and thermally noncon-
ductingperfect gas. The descriptionis one-dimensional,which pre-
vents considerations of vorticity but includes acoustic and entropy
disturbances.

It is assumed that an abrupt “trigger event” occurs over an in-
terior duct segment having a � nite length ¸t that is comparable to
D, during a � nite time interval ¿t that is comparable to D= Na. Such
an event can be induced in many different ways, but in each case
some combinationof excess mass, momentum, and energy is intro-
duced into the system. The trigger event will initiate two acoustic
pulses (waves), one propagating upstream (left) and one propagat-
ing downstream (right) at speeds ( Nu ¡ Na/ and . Nu C Na/, respectively.
In general, an entropy pulse (wave) is also created that is convected
downstream at speed u. All pulses have lengths comparable to D.
Interest is con� ned to a control volume (CV) enclosing a � nite duct
length and to a � nite time interval within which the entire transient
occurs (Fig. 1). The � ow properties are constant everywhereexcept
within the pulses.
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Fig. 1 Distance–time diagram of pulses created by a trigger event oc-
curring in the space–time region shown shaded in the bottom part of the
� gure. Pulses are shown as square waves for simplicity. Shaded regions
at top are proportional to the respective pulse strengths.

Characterization of Pulses
The mass conservation law requires that the mass added to the

CV in the trigger event be equal to the sum of mass disturbances
associated with the resulting three pulses. Analogous requirements
apply to momentumand energy.These statementscan be formalized
if expressions are available for the mass, momentum, and energy
associated with individual acoustic and entropy pulses. These are
developed next.

The conservation of mass is expressed by the one-dimensional
continuity equation

@½

@t
C @

@x
.½u/ D P½ (1)

where P½ represents the local rate of addition of mass. Multiplying
by S dx and integrating over the length of the CV, we get

d
dt

Z

CV

½S dx C [½uS]2
1 D

Z

CV

P½S dx D PW (2)

Because the choice of the CV is such that the ends of the x region
are undisturbed,the � ux terms in squarebracketare those associated
with the steady� ow and hencecancel.The integralexpressionat left
is the total mass within the CV, allowing Eq. (2) to be rewritten as

dW

dt
D PW (3)

Integrating over the � nite time interval from ti to t f , we have

W f ¡ Wi D
Z

PW dt D 1W (4)

All quantitiesare linearizedby splitting them into sums of steady
and unsteady components, assuming the latter to be small. The lin-
earized version of the preceding relation is

W 0
f ¡ W 0

i D 1W; where W 0 D
Z 2

1

½0 S dx (5)

Analogousconsiderationslead to similar relationsformomentum
and total internal energy:

P 0
f ¡ P 0

i D 1P; where P 0 D
Z 2

1

. N½u 0 C ½ 0 Nu/S dx (6)

H 0
f ¡ H 0

i D 1H; where H 0 D
Z 2

1

³
p0

° ¡ 1
C N½ Nuu 0 C 1

2
½0 Nu2

´
S dx

(7)

The integrandsin Eqs. (5–7) differfromzeroonly in regionsoccu-
piedbya pulse.Each integralover theentireCV consistsof threedis-
cretecontributions;onefromeachpulse,eachbeingan integraltaken
over the length of the pulse. In the absenceof external disturbances,
these integrals remain constant during the motion of each pulse and
clearly represent integral properties of the respective pulses.

Acoustic Pulses
The � ow property variations in the interiors of the pulses are

isentropic, and the following relations hold:

½ 0 D .1=° /.p0= Np/ N½ D p0= Na2 (8)

The momentum equation can be used to show that the velocity
and pressure changes across an acoustic wave are related by the
equation

u 0 D §p0= N½ Na (9)

where the plus and minus signs apply to right- or left-moving dis-
turbances, respectively. Using Eqs. (8) and (9) to eliminate u 0 and
½ 0 from the integrals of Eqs. (5–7), the desired expressions for the
mass, momentum, and energy associated with acoustic pulses are
obtained:

W 0
§ D

1

a2
I§ (10)

P 0
§ D . NM § 1/

Na
I§ (11)

H 0
§ D

µ³
1 C ° ¡ 1

2
NM2

´¿
.° ¡ 1/ § NM

¶
I§ (12)

where

I D
Z

p0 S dx (13)

The mass, momentum, and energy of an acoustic pulse are all
proportional to the quantity I , which is the volume integral of the
pressure disturbance and will be referred to as the “strength” of the
acoustic pulse. It has the dimension of energy, and it is proportional
to the area under the pressure disturbance vs distance plot for the
pulse, as illustrated in Fig. 1.

Entropy Pulses
The � ow property variations in the interiors of entropy pulses

obey the relations

p0 D u0 D 0 (14)

½ 0 D ¡. N½= NT /T 0 (15)

s 0 D Rf[° =.° ¡ 1/].T 0= NT / ¡ p0= Npg (16)

Using these expressions to eliminate u 0 and ½ 0 from Eqs. (5–7), we
get

W 0
E D ¡[.° ¡ 1/= Na2]J (17)

P 0
E D ¡[.° ¡ 1/ NM= Na]J (18)

H 0
E D ¡[.° ¡ 1/=2] NM2 J (19)

where

J D Np
Z

s 0

R
S dx (20)
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The mass, momentum, and energy of an entropy pulse are thus
all proportional to the entropy integral J that has the dimensions
of energy and will be called the strength of the pulse. Because a
pure entropy pulse is isobaric, only the temperature variation will
contribute to the value of J . If the entropy pulse happens to be
overlapped by an acoustic pulse, there will be a nonzero pressure
contribution in Eq. (16), as necessary for the correct calculation of
the entropy.

Note that the energy of an entropy pulse is purely kinetic and
has no contribution from the internal energy. The internal energy
(»pressure) disturbance is zero while the signs of the density and
kinetic energy disturbances are opposite to that of the temperature
change. The peculiar end result is that a hot spot in a stationary gas
has no energy at all and a hot slug moving at the speed of the gas
represents a negative total energy disturbance.

Analysis of Trigger Process
The triggerprocessconsistsof addingsome combinationofmass,

momentum, and energy to the CV in a region of length ¸t during a
time interval ¿t (shaded region in bottom part of Fig. 1). We assume
that no disturbancesare present before triggering,which means that
the integrals of Eqs. (5–7) at time ti are all zero:

W 0
i D P 0

i D H 0
i D 0 (21)

After the trigger process is completed, three pulses are present.
The values of integrals appearing in Eqs. (5–7) at time t f are given
as the sums of three discrete contributions,one from each pulse:

W 0
f D W 0

¡ C W 0
C C W 0

E (22)

P 0
f D P 0

¡ C P 0
C C P 0

E (23)

H 0
f D H 0

¡ C H 0
C C H 0

E (24)

Using Eqs. (10–12), (17–19), and (21–24), Eqs. (5–7) can be
written as

I¡ C IC ¡ .° ¡ 1/ J D Na21W (25)

. NM ¡ 1/I¡ C . NM C 1/IC ¡ [.° ¡ 1/ NM]J D Na1P (26)
µ³
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2
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¶
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C
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2
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´¿
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¶
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¡
³

° ¡ 1

2
NM2

´
J D 1H (27)

Equations (25–27) constitute a nonhomogeneousset of three lin-
ear equations for the three unknown pulse strengths IC , I¡, and J .
Given 1W , 1P , and 1H , the solution is straightforward. In the
possession of the strengths, all integral properties of the pulses are
readily calculated.

The lengths and durations of the pulses are also important prop-
erties. Knowing the spatial extent and duration of the trigger re-
gion, these can be estimated by simple kinematic considerations,as
illustrated in Fig. 1. The leading edge of a right acoustic pulse is
assumed to originate at t D 0, x D C¸t =2, and the trailing edge at
t D ¿t , x D ¡¸t =2. This assumption, together with the known wave
speeds, de� nes both the duration and the length of the pulses (¸§,
¸E , and ¿C are shown in Fig. 1). Completely analogous considera-
tions apply to the left-moving acoustic and entropy pulses. Because
strength is proportional to the product of the length and the ampli-
tude, knowledgeof the length immediatelyyields an estimate of the
amplitude.

Heat Addition
Perhaps the simplest method to generate a pulse is abrupt heat

addition, which is used here as an example. This process adds no

mass and no momentum; therefore,

1H D Q; 1W D 1P D 0 (28)

Using Eqs. (25–27), the following remarkably simple results are
obtained:

I¡ D [.° ¡ 1/=2]Q; IC D [.° ¡ 1/=2]Q; J D Q (29)

As expected, heat addition produces all three pulse types. The
strengths are independent of the undisturbed Mach number. The
strengthsof the left- and right-movingacousticpulses are the same,
but the lengths of the pulses are not. Assuming, for simplicity, that
¸t is zero, then the durationsof all pulses are equal to ¿t , and simple
calculation shows that

¸¡=¸C D .1 ¡ NM/=.1 C NM/ (30)

The left-moving acoustic pulse is thus shorter than the right-
moving pulse, and because the strengthsare the same, its amplitude
is correspondinglyhigher. This is true for the slightly more compli-
cated case of � nite ¸t also.

The distributionof the totaldisturbanceenergyamongtheproduct
pulses is a fundamental question to which the present theory offers
a very clear answer. Having calculated the strengths, Eqs. (12) and
(19) are used to � nd the fractions of energy as

H 0
§=Q D 1

2
§ [.° ¡ 1/=2] NM C [.° ¡ 1/=4] NM 2 (31)

H 0
E =Q D ¡[.° ¡ 1/=2] NM 2 (32)

These resultsare quite surprising.The strengthsof the two acous-
tic pulses are the same, yet the energies associated with them are
different. The right-moving pulse carries more energy, despite the
fact that its amplitude is lower than that of the left-moving pulse.
The difference is derived from the kinetic energy contributionsand
becomes greater as the Mach number increases. The combined en-
ergy of the two acoustic pulses is more than the energy added in
the trigger event, but the energy balance is still satis� ed because the
entropy pulse is associated with an energy de� ciency. This energy
allocation picture is highly counterintuitiveand was unexpected at
the outset of this work.

Comparisons for the Heat-Addition Case
Abrupt heat addition was used in a recent experiment3;5 to gen-

erate the pulses needed to measure the impedance of an operating
compressor with the impulse method. Heat was added to the inlet
duct � ow by passing a current pulse through a thin wire stretched
along a diameter. The relationship between pulse properties and
the energy added was a side issue for this project, but a limited
amount of relevantdata was neverthelessobtained.7 Figure 2 shows
the strengthof the downstream-movingpulses against energy input.
The predicted dependence on heat input and the independence of
Mach number are clearly demonstrated by the data.

The present results agree very well with numerical simulations
also. Two computational � uid dynamics (CFD) codes were used,
both of which solve the unsteady continuity, momentum, and en-
ergy equations for a perfect gas over a quasi-one-dimensional � ow
domain. LAPIN8 uses a � nite differencediscretizationwith a time-
marching method that can transition between explicit and implicit
and a conservative,shock-capturingmethod using characteristic in-
formation.QUAS1D, which was developedby the third author,uses
a � nite volume discretizationwith an explicit Lax–Wendroff time-
marching algorithm and Roe upwind � ux-difference splitting. The
assumptionsmade in the analysisare closelysatis� ed by both codes.

Uniform step sizes were used in both distance and time. Grid-
resolution studies were made for both codes to validate the � nal
choices of the time and spatial step sizes. Duct lengths were cho-
sen suf� ciently long to ensure that re� ections from the duct ends
did not contaminate the results. Because the codes are fully nonlin-
ear, deviations from the present results increased with disturbance
amplitude.Computations were carried out for three amplitudesand
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Fig. 2 Comparison of predicted strengths of right-moving acoustic
pulses created by heat addition with experimental data: S = 153.3 cm2,
° = 1.4, and ¹a = 345 m/s.

Fig. 3 Comparison of predicted pulses with CFD results for pulses
created by heat addition, at time t/¿t = 2.0. Top curve illustrates the
spatial distribution of heat � ow rate per unit length at time t/¿t = 0.5.
Q/Ht = 0.01614, and ¹M = 0.4.

three Mach numbers. The rate of heat addition per unit duct length
was de� ned by the following expression:

q.x; t/ D qmx cos2[¼.x=¸t /] sin2[¼.t=¿t /]

¡0:5 · x=¸t · 0:5; 0 · t=¿t · 1 (33)

By integrating this expressionover both space and time, the total
heat added is obtained as

Q D 1
4
qmx¸t ¿t (34)

The heat addition is referenced to the static internal energy in the
trigger volume:

Ht D cv
NT . N½¸t S/ D Np¸t S=.° ¡ 1/ (35)

Figure3 illustratesthe threepulsescreated,as predictedby the two
codes and by the current theory for NM D 0.4 and Q=Ht D 0.01614.
For the analytical prediction the pulse shapes were described as the
fourthpowerof a cosinecurvefrom¡¼=2 to C¼=2. By purechance,
this function is a very good � t to the numerically calculated shapes.
The vertical scale was determined from the kinematic pulse length
estimate,bymatching theanalyticallypredictedpulsestrengths.The
analytical pulse locations, amplitudes, and pulse lengths are all in

excellent agreement with both codes, for all three pulses. Because
the codes are fully nonlinear, the deviations increased with Q, as
expected. For normalized heat inputs less than 4% and for Mach
numbers 0.15, 0.3, and 0.45, the deviationsbetween the analytically
and numerically obtained strength values are within 0–1% for IC
and I¡ and within §2% for J .

Abrupt Deformation of Duct Wall
It is possible to extend this method to describe the effects of an

abrupt deformationof a short duct segment. The details are lengthy
and omitted, but the concept is straightforwardand will be outlined
next.

A short,small areavariation(“bump”) withina steady� ow creates
no axial momentum disturbance, but it does give rise to local, sta-
tionary disturbancesof mass and energy,which can be readily com-
puted using the linearized forms of the isentropic, one-dimensional
duct � ow relations. In evaluating these quantities, the area variation
is expressed as a sum of the constant duct area plus a disturbance
(S D NS C S 0/. Omitting details, the mass and energy disturbancesare

W 0
B D °

.1 ¡ NM 2/ Na2
B (36)

H 0
B D

µ³
°

° ¡ 1

´
¢
³

1 ¡ ° ¡ 1
2

NM 2

´¿
.1 ¡ NM2/ ¡ 1

¶
B (37)

where

B D Np
Z

S 0 dx (38)

The quantity B is proportional to the volume associatedwith the
deformation and is called here the strength of the bump. Pulses can
be initiated by a change in the strength of the bump. Such a change
does not alter the mass or momentum within the CV, and we have

1W D 0; 1P D 0 (39)

The motion of the boundary does add energy to the gas. The
work done by the boundary displacement on the gas is given ap-
proximately as

1H D ¡
Z

dx

Z
p dS »D ¡ Np

Z
S 0

f dx C Np
Z

S 0
i dx

D ¡.B f ¡ Bi / D ¡1B (40)

The remaining derivation is similar to that of the preceding sec-
tion. The only difference is that the presence of the bump leads to
a new term in the integrals over the CV, increasing the number of
discrete contributions from three to four. Depending on the values
of B f and Bi , stationarydisturbancescan be presenteither beforeor
after the trigger process or even at both times. All of these must be
added to Eqs. (5–7) and (21–24). In all cases the bump strengthsare
known inputs that are eventually incorporated in the forcing terms
of the � nal equations.

Of special interest is the experimentally realized3 “collapsing
bump” case (Bi < 0, B f D 0/. Omitting some fairly lengthy details,
the analytical results for this case are

I¡ D ¡[° =2.1 ¡ NM /]1B; IC D ¡[° =2.1 C NM /]1B

J D 0 (41)

No entropy pulse is generated, which is reasonable because the
transverse motion of the boundary performs no work by shear. De-
tailed examinationof the results shows that the right-movingacous-
tic pulse is longer, has lower strength,and carries signi� cantly more
energy than the left-movingone. The bulk of total energy in the two
pulses is derived from the initial, stationary disturbance caused by
the bump (which is negative), whereas the work done on the gas
during the collapse (also negative) plays a lesser role.

Simulations of a bump collapse were performed using the same
CFD codes and methods as those described for the heat-addition
case. Importantly,bothcodesare capableof properlytreatingrapidly
moving solid boundaries.
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The area disturbance history in this problem was represented by
the expression

S0.x; t/ D S 0
i cos2[¼.x=¸t /] cos2[.¼=2/.t=¿t /]

¡0:5 · x=¸t · 0:5; 0 · t=¿t · 1 (42)

The initial bump strength is obtained by integrating over x at
t D 0:

Bi D B.0/ D 1
2

NpS0
i ¸t (43)

For NM D 0.15, 0.3, and 0.45 and for 1B=Ht up to 4%, the
strengths calculated using Eqs. (41) agreed with the numerical re-
sults within §1% for both right- and left-moving pulses.

Summary
A one-dimensional, linearized theory is presented for the rapid

estimationof thepropertiesof pulsesgeneratedin constant-areaduct
� ows by events that can be modeled as abrupt and local additionsof
mass, momentum, or energy.The theory describes pulses by means
of volume integrals of pressure or entropy disturbances (termed
“strength”) and also by length estimates obtained from kinematic
considerations.The methodis basedon � rst principlesand is capable
of describinga variety of triggeringmechanisms, two of which have
been worked out in detail.

An abrupt addition of heat is shown to create two acoustic com-
pression pulses and one entropy pulse, whose strengths are propor-
tional to the amount of heat added. The combined energy of the
two acoustic pulses is greater than energy added as heat, compen-
sated for by the fact that the energy disturbance associated with
the entropy pulse is negative. An abrupt, local change of the duct
cross-sectional area creates two acoustic pulses, while no entropy
pulse is generated. A local, abrupt area reduction creates compres-
sion pulses, whereas an area increase yields expansion pulses. The
strength of the pulses is proportional to the change of duct volume
associated with the wall geometry change.

The analytical predictions are con� rmed by experimental data
and show excellent agreement with computations performed using
two different time-dependentEuler CFD codes.
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Vortex Shedding and Transition
Frequencies Associated with Flow

Around a Circular Cylinder

N. A. Ahmed¤ and D. J. Wagner†

University of New South Wales,
Sydney, New South Wales 2052, Australia

Nomenclature
D = diameter of circular cylinder
fs , fV = shear-layer frequency and vortex-shedding

frequency
Re = Reynolds number
Sr = Strouhal number
U1, Usep = velocity of freestream and velocity at separation
u rms = rms velocity
v = kinematic viscosity
x , y = coordinates of a Cartesian system
±x = displacement thickness

Introduction

F LOW around a circular cylinder has been studied for a long
time,1 and yet our knowledge, at best, is empirical. Of partic-

ular interest is the relationship between the ways that the Strouhal
number varies with the Reynolds number for a circular cylinder
� ow. Above a Reynolds number of 103, transition to turbulence
occurs in a separating shear layer, which is closely tied to the gen-
eration of large-scale vortices. Bloor2 measured the frequency of
transition waves within 1:3 £ 103 < Re < 4:5 £ 104 and attempted
theoreticallyto derive the relationshipbetween the ratio of the shear-
layer transition frequency and the main vortex-sheddingfrequency.
She argued that fs = fV / Re0:5 within 4 £ 102 < Re < 2:5 £ 105 . Al-
thoughsome experimentalresults2;3 � t thispredictionwell, others4;5

do not. The purpose of this Note is, therefore, to revisit the preced-
ing problemby observingthe dominant frequenciesin the transition
Reynolds-number range.

Experiment
The 18 £ 18 in. open-circuit wind tunnel6 of the aerodynamic

laboratory of the University of New South Wales was used. The
experimental setup is shown in Fig. 1. The velocity of the wind
tunnel was found to be uniform to within §0.2% and a turbulence
intensityof less than 0.2%. These � gures were taken to indicate low
acoustic errors associated with the tunnel. The speed of the wind
tunnel could be varied between 0 and 25 m/s. Two hot-wire signals
were sampled simultaneously,one to take the reading at a point and
the other to act as a reference in phase. Thus one hot wire, buried
into the model cylinder surface, was moved around to the different
angular locations on the cylinder, keeping the same height above
the surface, and another hot wire was traversed through the external
� eld using a traversing mechanism.

Test Model
A circular cylinder of diameter 70 mm, with a recess on the sur-

face of the cylinder,was manufactured.The cylinder itself consisted
of three hollowed segments so that it could be assembled and dis-
assembled easily enabling the hot wire to be put in and signal cable
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